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Abstract
This work is the follow up to [J. Hugger, Numerical Mathematics and Advanced Applications—Enumath 2001,
Springer, Italy, 2003] where a partial differential equation equivalent to the stochastic formulation for a ﬁxed strike
Asian option was derived.
In the present work the differential equation is complemented with boundary value conditions that are derived
from ﬁnancial conditions.
With the complete boundary value formulation thus recovered, wellposedness of the problem is adressed. It
turns out that the problem takes the form of a degenerated parabolic boundary value problem with a second-order,
linear, time-dependent PDE with non-negative characteristic form. Apart from the degeneracy in the PDE, also the
boundary conditions (derived from the ﬁnancial understanding) are “the wrong ones” or at least are non-standard.
There are conditions on boundaries where none are expected to be needed bacause of the degeneracy and there are
boundaries where conditions are expected to be needed but none can be found.
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1. Introduction
We consider here the same problem that was considered in [6], i.e. the ﬁnancial instrument denoted
a ﬁxed strike Asian option, which is basically a contract written at time t = 0 between a buyer and a
seller, giving the buyer the right to receive an a priori unknown, non-negative sum of money, the terminal
payoff, at a predeﬁned time T sometime in the future. T is called the time of expiration of the option. (If
T is not predetermined, the contract is denoted a ﬂoating strike option, but ﬂoating Asian options are not
much in use in practice for reasons to be explained below.) The terminal payoff is related to the value
of something called the underlying risky asset; anything whose value S(t) at time t is determined by a
certain stochastic process will do, e.g. a stock. For an Asian option the terminal payoff must depend on
some “average” A(T ) of the value S(t) of the risky asset from time t = 0 to T. Further it may depend on
the value S(T ) at time T of the risky asset. The terminal value at time T is written max{(S(T ), A(T )), 0}
for some continuous function  to be negotiated at time 0 between the buyer and seller of the option, as
for example the
• average strike call option with = S(T )− A(T ),
• average value call option with = A(T )−K ,
• average strike put option with = A(T )− S(T ),
• average value put option with =K − A(T )
for some predetermined strike price K. The notation is taken from the simplest and oldest of the options
traded in the market, namely the European: Here the terminal payoff is the difference between the value
S(T ) of a risky asset at expiration time T and a predetermined strike price K. For the European option
the notation call and put is related to whether the underlying asset is bought or sold for the strike price K
at time T. A European call option has  = S(T ) − K while a Europeen put option has  = K − S(T ).
(You buy or sell a risky asset at time T for the price K, immediately sell or buy it again for the market
price S(T ) and hence generate a proﬁt S(T )−K or K − S(T ) if S(T )>K or K >S(T ), respectively.)
For Asian options this connection call - buy and put - sell does not exist. Instead, for example an Asian
average strike call option should be read as an Asian option where the average, in the payoff function of
the Asian option, takes the role of the strike price in the payoff function of a European call option. In an
average value put then the average takes the role of the value (S) in a European put option and so on.
Depending on how the average is computed we get different Asian options like the Asian option with
• continuous arithmetic average: dA(t)= S(t)
t
dt ,
• continuous geometric average: d ln(A(t))= ln(S(t))
t
dt ,
• continuous arithmetic running sum: dA(t)= S(t) dt ,
• continuous geometric running sum: d ln(A(t))= ln(S(t)) dt
and for some predetermined sampling times 0 t1 · · ·  tnT with n(t) sampling times in [0, t] and
the Dirac delta function (t − tˆ ) with strike in tˆ ,
• discrete arithmetic average:
dA(t)=
∑n
i=1 (t − ti)S(t) dt∑n
i=1
∫ t
0 (t − ti) dt
,

A(t)= 1
n(t)
n(t)∑
i=1
S(ti)

 ,
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• discrete geometric average:
d ln(A(t))=
∑n
i=1 (t − ti) ln(S(t)) dt∑n
i=1
∫ t
0 (t − ti) dt
,

A(t)=

n(t)∏
i=1
S(ti)


1/n(t)

 ,
• discrete arithmetic running sum: dA(t)=∑ni=1 (t − ti)S(t) dt ,• discrete geometric running sum: d ln(A(t))=∑ni=1 (t − ti) ln(S(t)) dt .
More examples can be found in [3,11]. In general we shall take dA(t)=f (S(t), t) dt for f (S, t)0, ∀S,
t0.
Now, what is the purpose of such ﬁnancial instruments as Asian options. Well, imagine, that you are
producing the (imaginative) special copper lamps used traditionally in “Far-away-land” at christmas time.
All year you continuously or discretely buy copper at market price S(t) to produce the lamps to stock.
When christmas time arrive you sell your entire stock according to the christmas price of copper S(T )
(neglecting for simplicity your production costs and proﬁt) or according to some predetermined price K.
You spend A(T ), with the appropriate deﬁnition of average A(t), to buy the copper during the year and
you sell again for S(T ) or K. Your possible loss is then max{A(T ) − S(T ), 0} or max{A(T ) − K, 0},
respectively.You would then buy a ﬁxed strike Asian average strike put or average value call option with
the appropriate average to protect yourself against these losses. Of course, if there are no losses you
happily carry the extra proﬁt to the bank.
In this example a ﬂoating strike would be relevant if the orders for the lamps came once or a very few
times a year, but at a priori unknown times. It turns out that this type of situation occurs rarely in practice
and for this reason mainly ﬁxed strike Asian options are traded.
Returning to the example, you then want to buy an Asian option. Since, as explained above, you can
only gain from this, obviously whoever sells it to you can only loose. Since cheating or being stupid is not
allowed in our ﬁnancial model world (see [6] axiom 1: The axiom of no arbitrage) obviously, the seller
will want to get some money up front to do you the service of selling you the option. The question is
how much money? Since no cheating is allowed, the seller will ask you exactly the fair pricewhich is the
amount of money that he needs to go out in the market and buy and sell copper to end up at time T with
copper enough to exactly pay for the loss he will have then. It turns out that the fair price V is tractable
and can be described as the solution to a boundary value problem in three dimensions which is what we
shall study in this article.
The reader might be wondering “But how does the seller get rich from this?”. Well, the idea is that
the seller does not believe that things will go as the model prescribes in the worst case. Maybe he or she
believes that the price of copper will behave in a way so that he will have to pay you nothing at christmas.
Or he knows of another stock like a “.com stock” that is predicted to increase rapidly in value. Then he
can buy this stock with the money you gave him initially and pay you back at christmas with part of
the proﬁt he gets by selling his fast rising stock. As everybody now know, high increases in value of a
stock is almost inevitably coupled with a high risk of similarly high decreases. Let us say, that the value
right now is 100. The average predicted value in a year may be 200, but there is a 50% chance that the
value lies in the range [0, 400]. This is called high volatility and gives the general idea of the ﬁnancial
model:You make money by taking risks.You make a lot of money by taking a lot of risks. This of course
also implies the possibility of losing big. The secret is to foresee how things develop. If you do this by
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keeping yourself well-informed about everything public and then guessing right, then this is good. If your
information comes directly from the CEO to you and is not told to anybody else, then it is called insider
trading and is punishable in most places.
The classical numerical solution methods for stochastic problems such as the Asian option has been
Monte Carlo-type methods. Recently, the interest has been shifting towards ﬁnite difference and ﬁnite
element methods used on boundary value equivalents of the stochastic formulation of the problem. See
[1,7,10,12,13] for some examples. In [6] we have derived the partial differential equation for our problem,
but obviously the boundary conditions are as necessary in order to be able to utilize ﬁnite difference and
ﬁnite element methods. In this article we concentrate on the derivation of the boundary conditions and on
a wellposedness result that follows. There is very little literature to be found on the derivation of boundary
conditions. The general approach seems to be to postulate some conditions without arguments or even
to completely avoid mentioning what conditions have been used. The main problem seems to be that the
boundary conditions can only be derived approximately from ﬁnancial arguments that are only valid in
some asymptotic sense. In this article we try to expose the situation in all details based on the following
citation: “We all cheat. But the real criminals are the cheaters that do not tell that they are cheating”. (Free
interpretation of my Ph.D. advisor Ivo Babuska.)
The article is structured as follows: In Section 2 we present the classical initial (terminal) value for-
mulation of the volatile, ﬁxed strike Asian option on an unbounded domain taken from [6] and comment
on existence, uniqueness and smoothness of solution. We also extend the model of the ﬁxed strike Asian
option to the zero volatility case and present the unique solution for this case. In Section 3 we restrict the
computational domain of the volatile, ﬁxed strike Asian option to facilitate numerical computations and
construct ﬁnancial boundary conditions. We point out the ﬁnancially non-feasible parts of the boundary
where no ﬁnancial boundary conditions are possible and recover expressions for the ﬁnancially valid
boundary conditions on the remaining part of the boundary wherever possible. In Section 4 we give a
wellposedness result for the ﬁrst (Dirichlet) boundary value problem of the volatile, ﬁxed strike Asian
option on the bounded domain from Section 3. Finally in Section 5 we conclude and collect some open
questions still remaining.
2. The ﬁxed strike Asian option on the unbounded domain
The boundary value problem for a ﬁxed strikeAsian option posed over the ﬁnancially relevant domain
∞ = {(S,A, t) ∈]0,∞[×]0,∞[×]0, T [} is derived in [6], Theorem 1 to be
Find V : (S,A, t) ∈ ¯∞ → R, V ∈ C0(¯∞) ∩ C2,1,1(∞) so that
V
t
+ 
2(t)
2
S2
2V
S2
+ (r(t)S − (t)S)V
S
+ f (S, t)V
A
− r(t)V = 0 in ∞
and V (S,A, T )=max{(S,A), 0} in ¯∞|t=T . (1)
Here , > 0 and r are the dividend yield and volatility (on the risky asset) and themarket interest rate (on
riskfree assets). Riskfree assets B also called money in the bank and exempliﬁed by common bonds are
increasing in value according to dB(t)= r(t)B(t) dt , i.e.B(t)=B(T )e
∫ t
T r(u) du
. By the above-mentioned
axiom of no arbitrage there is only one type of riskfree asset, since otherwise it would be possible to
make money without taking a risk by selling a low interest bond and buying a high interest one. Hence,
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in the limit  → 0 where a risky asset has no stochastic part i.e. is risk free, then it must be (equivalent
to) a riskfree asset paying interest rate r(t). For details see [6].
Our ﬁrst observation is that the differential operator in (1) for > 0 and smooth data satisﬁes Hörman-
der’s conditions for hypoellipticity. The observation can be found in [9, Remark 3.5]. Since this reference
is a hard to access master thesis written in Danish we give the veriﬁcation also here: The original theorem
of Hörmander can be found in [5] and with a different proof in [8]. While [9] is based on [5], here we
base the argument on [8, Section II.5]. First we rewrite the differential operator in (1) in the form used
by Hörmander:
PV = −
(
2(t)
2
S2
2V
S2
+ (r(t)S − (t)S)V
S
+ f (S, t)V
A
+ V
t
− r(t)V
)
=X21V + iX0V + cV , (i2 =−1), (2)
where
X1 = i(t)√
2
S

S
, X0 = i
((
r(t)− (t)− 
2(t)
2
)
S

S
+ f (S, t) 
A
+ 
t
)
and c= r(t). Now a sufﬁcient condition for hypoellipticity is (see [8, Theorem 2.5.2] and the exposition
preceding that result) that the coefﬁcient functions
a(S,A, t)= (t)√
2
S, b1(S,A, t)=
(
r(t)− (t)− 
2(t)
2
)
S,
b2(S,A, t)= f (S, t), b3(S,A, t)= 1
and c = r(t) are real, smooth (C∞(∞)) functions and that the system {X0, X1} has rank 3. The latter
condition is satisﬁed by deﬁnition if the symbols of the differential operators satisfy
|X0(S,A, t, x, y, z)| + |X1(S,A, t, x, y, z)|> 0, ∀(x, y, z) = 0
i.e. if
∣∣∣∣
(
r(t)− (t)− 
2(t)
2
)
Sx + f (S, t)y + z
∣∣∣∣+
∣∣∣∣(t)√2 Sx
∣∣∣∣> 0, ∀(x, y, z) = 0.
Here the ﬁrst | · |-term is non-negative while the second | · |-term is positive for > 0 since S > 0 in ∞.
Since the differential equation in (1) is PV = 0 and 0 ∈ C∞(∞), any (also distributional) solution
to (1) must be smooth and belong to C0(¯∞) ∩ C∞(∞). Hence we do not need to worry about the
regularity demands V ∈ C2,1,1(∞) originating from the Ito lemma used in the derivation of (1). Then
we can reformulate (1) as follows.
Theorem 1. Any classical, weak or distributional solution to the problem
Find V : (S,A, t) ∈ ¯∞ → R where ∞=]0,∞[×]0,∞[×]0, T [, so that
V
t
+ 
2(t)
2
S2
2V
S2
+ (r(t)S − (t)S)V
S
+ f (S, t)V
A
− r(t)V = 0 in ∞
and V (S,A, T )=max{(S,A), 0} in ¯∞|t=T (3)
with > 0 and , r, , f ∈ C∞(∞), satisﬁes
V ∈ C0(¯∞) ∩ C∞(∞). (4)
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Note that the smoothness result does not pertain to discrete average or dividend cases, or to any other
cases with lack of smoothness of the coefﬁcient functions.
The special deterministic case  = 0 allows a “ﬁnancial solution” because of the remark above, that
there is only one riskfree asset: The fair price at time t for a deterministic (riskfree) Asian option  = 0
with payoff V (S(T ),A(T ), T ) =max{(S(T ), A(T )), 0} is the amount of money (or riskfree assets)
V (S(t), A(t), t) that we must have at time t so that at time T we can meet the payoff. But this is simply
V (S(t), A(t), t) = V (S(T ),A(T ), T )e−
∫ T
t r(u) du
. It is convenient to express this result using S(t) and
A(t) also on the right-hand side. For S this is accomplished by noting that since also S is riskfree it
must increase in value over time, counting also the increase from the dividend payment, like the unique
riskfree asset. Now, the dividend D increases according to dD(t) = (t)S(t) dt so that S must increase
according to dS(t) = (r(t) − (t))S(t) dt . Then we have S(t) = S(T )e−
∫ T
t (r(u)−(u)) du
. A is still given
by dA(t)= f (S(t), t) dt i.e. A(t)= A(T )− ∫ T
t
f (S(), ) d. Inserting, we get
Theorem 2. The ﬁnancial solution (fair price at time t) for a zero volatility ( = 0), ﬁxed strike Asian
option with payoff V (S(T ),A(T ), T )=max{(S(T ), A(T )), 0} is given by
V (S(t), A(t), t)=max
{
(S(t)e
∫ T
t (r(u)−(u)) du, A(t)+
∫ T
t
f (S(), ) d), 0
}
e−
∫ T
t r(u) du
. (5)
Example 1. Let us consider as an example the zero volatility, ﬁxed strike,Asian average value call option
with continuous arithmetic running sumwhere dA=S(t) dt and (S(T ), A(T ))=A(T )/T −K (because
A/T is an average while A is not). In this case
∫ T
t
f (S(), ) d e−
∫ T
t r(u) du = S(T )
∫ T
t
e−
∫ T
 (r(u)−(u)) due−
∫ T
t r(u) du d
= S(t)
∫ T
t
e
∫ T
t (r(u)−(u)) due−
∫ T
 (r(u)−(u)) due−
∫ T
t r(u) du d
= S(t)
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u)du) d
so that
V (S(t), A(t), t)=max
{(
A(t)
T
−K
)
e−
∫ T
t r(u) du + S(t)
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d, 0
}
. (6)
For the special case of ﬁxed interest and dividend yield, where r(t) ≡ r , (t) ≡ , ∫ t
T
f (S(u), u) du
simpliﬁes to S(t)/(r − )(e(r−)(T−t) − 1) and (6) to
V (S(t), A(t), t)=max
{(
A(t)
T
−K
)
e−r(T−t) + S(t)
(r − )T (e
−(T−t) − e−r(T−t)), 0
}
. (7)
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Even though (1) was derived only for the case > 0, it still makes some sense also in the case  = 0
where it takes the form of (8) below. We have
Theorem 3. The zero volatility (= 0) ﬁnancial solution V from (5) (or (6) in the case of Example 1) is
a distributional solution to the problem
Find V : (S,A, t) ∈ ¯∞ → R where ∞=]0,∞[×]0,∞[×]0, T [, so that
V
t
+ (r(t)S − (t)S)V
S
+ f (S, t)V
A
− r(t)V = 0 in ∞
and V (S,A, T )=max{(S,A), 0} in ¯∞|t=T , (8)
which is the limit  → 0 of the positive volatility problem (1), as long as the average A is given by
dA(t)= f (S(t), t) dt for a non-negative f satisfying
f (S(t), t)=
(

t
+ (r(t)− (t))S(t) 
S
)∫ t
T
f (S(u), u) du. (9)
This condition is veriﬁed for all f that are polynomial in the ﬁrst variable S using the fact that S(t) =
S(T )e−
∫ T
t (r(u)−(u)) du
.
V from (5) (or (6) in the case of Example 1) is also the unique characteristic solution to (8).
Proof. Clearly V from (5) (and (6)) satisﬁes the terminal condition in (8) and dividing ∞ into the two
disjoint sets +∞ where V from (5) (or (6)) is positive and 0∞ where V = 0 then it can be veriﬁed that V
is a classical solution to (8) in either of the two parts at least for many averages. For the example case (6)
this is just simple differentiation. For the general case (5) in +∞ we need
0= V
t
+ (r − )S V
S
+ f (S, t)V
A
− rV
= 2(e−
∫ T
t r(u) du)
[
f (S, t)−
(

t
+ (r − )S 
S
+ f (S, t) 
A
)∫ t
T
f (S(u), u) du
]
, (10)
where 2 is the partial derivative of  with respect to its second argument. (9) clearly implies this
condition. Also (9) is satisﬁed for many functions f among which the most relevant ones where f is
polynomial in its ﬁrst variable S, i.e. f (S, t) =∑Nj=0 aj (t)Sj for some functions aj , j = 0, . . . , N ,
but also for exponential functions. By the continuity of V we have then proven the existence part of
the theorem.
To show that problem (8) can be solved uniquely with the method of characteristics, we deﬁne the
characteristic curves by (q)= (S(q), A(q), t (q), Z(q)) where
dt (q)
dq
= 1, dS(q)
dq
= (r(t (q))− (t (q)))S(q),
dA(q)
dq
= f (S(q), t (q)), dZ(q)
dq
= r(t (q))Z(q) (11)
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and the characteristic projections by p(q)= (S(q), A(q), t (q)). Selecting the characteristic projections
that for q = 0 pass through the points (S0, A0, T ) and selecting Z(0) = V (S0, A0, T ) ≡ Z0, then
V (S(q), A(q), t (q)) := Z(q) is the unique characteristic solution to (8) and we have
t (q)= q + T , S(q)= S0e
∫ q+T
T (r(u)−(u)) du,
A(q)= A0 +
∫ q
0
f (S(u), t (u)) du, Z(q)= Z0e
∫ q+T
T r(u) du (12)
or in the case of Example 1
t (q)= q + T , S(q)= S0e(r−)q ,
A(q)= A0 + S0
r − (e
(r−)q − 1), Z(q)= Z0erq . (13)
Now it is clear that for any point (S,A, t) ∈ ∞ there exists a unique characteristic through a point
(S0, A0, T ) ∈ ¯∞|t=T that for some q = q0 passes through (S,A, t). S0, A0 and q0 are found by
“inverting” (12) and are given by
q0 = t − T , S0 = Se−
∫ t
T (r(u)−(u)) du, A0 = A+
∫ 0
t−T
f (S(u), u+ T ) du, (14)
and the solution in (S,A, t) is
Z(q0)= Z0e
∫ t
T r(u) du (15)
which by construction is identical to (5). 
Note that even though problem (8) is the limit of problem (1) as  → 0, it should not be concluded
that the solutions to problem (1) as → 0 will converge to the solution to (8) given by (5).
Having shown existence and uniqueness of solution to the zero volatility problem, we return to the
smooth, positive volatility case of Theorem 1. In [2], this problem is addressed for the two cases of
averages being continuous arithmetic and geometric running sums. In both cases the problem is ﬁrst
for technical reasons extended to a (non-ﬁnancial) computational domain, and the following results are
obtained:
Theorem 4. Consider the extension of the ﬁxed strike Asian option with continuous geometric running
sum
Find V : (S,A, t) ∈ ¯±∞ → R
where ±∞=] −∞,∞[×] −∞,∞[×]0, T [, so that
V
t
+ 
2(t)
2
S2
2V
S2
+ (r(t)S − (t)S)V
S
+ ln(S)V
A
− r(t)V = 0 in ±∞
and V (S,A, T )=max{(S,A), 0} in ¯±∞|t=T (16)
where the terminal condition satisﬁes the following growth condition
(S,A)= o|(S,A)|→∞(S2eA2), (17)
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i.e. the terminal solution grows less than quadratically with S and less than exponentially with the square
ofA. This problem has a solutionwhich is unique among the solutions satisfying the same growth condition
for all time values t, i.e.
V (S,A, t)= o|(S,A)|→∞(S2eA2), ∀t ∈ (0, T ). (18)
For details see [2, Theorem 3.1 and Remarks 3.2 and 3.3].
Theorem 5. Consider the extension of the ﬁxed strike Asian option with continuous arithmetic running
sum, ﬁxed interest rate and volatility and zero dividend
Find V : (S,A, t) ∈ ¯∞± → R where ∞±=]0,∞[×] −∞,∞[×]0, T [,
so that
V
t
+ 
2
2
S2
2V
S2
+ rS V
S
+ S V
A
− rV = 0 in ∞±
and V (S,A, T )=max{(S,A), 0} in ¯∞±|t=T (19)
where the terminal condition is that of either an average strike call or an average value call
(S,A)= S − A
T
or (S,A)= A
T
−K. (20)
This problem has a solution which is also unique.
For details see [2, Theorem 4.6 and Remarks 4.7 and 4.14].
With our more restricted ﬁnancial domain ∞ the uniqueness results of Theorems 4 and 5 do not carry
over to problem (1) even though it is contemplated from results in stochastic theory that uniqueness does
hold. Instead obviously the existence results of Theorems 4 and 5 do carry over to problem (1).
Since the unbounded domain problem is not our major concern, we shall leave the open ends as they
stand, and be satisﬁed with the existence and smoothness results obtained for the positive volatility case
and the existence and uniqueness result for the zero volatility case.
3. Boundary conditions for the ﬁxed strike Asian option on a bounded domain
Financially, the solution on the entire domain ∞ is not of much interest. Generally, it is possible
to insert artiﬁcial positive cut off values Smax and Amax so that the interesting computational domain
becomes the box
= {(S,A, t) ∈ (0, Smax)× (0, Amax)× (0, T )}, (21)
see Fig. 1 taken from [6], where also the notation that we shall use for the faces of the box is introduced.
Obviously, also for numerical computations, a bounded computational domain would be advantageous
even though the restriction of the domain of the terminal value condition from ∞|t=T to |t=T implies
the necessity to incur additional boundary conditions. We shall start with a general investigation of all
the possible boundary conditions that the ﬁnancial model world can provide us with.
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Fig. 1. Artiﬁcial restriction of the computational domain to a ﬁnite box .
First of all it should be noted that there can be no ﬁnancially meaningful boundary conditions on the
majority of the closure of the front (A = 0) and the bottom (t = 0) of  (for the notation of front and
bottom see Fig. 1): For the closure of the front (A = 0), we would have to make sense of zero averages
A at any time t ∈ [0, T ] and for any stock price S ∈ [0, Smax]. This is not possible in a ﬁnancially
meaningful way, assuming that t = 0 is a sampling point for the continuous or discrete average, except
for the edge S = 0 (or in parameter form (0, 0, t)) and for continuous averages also the edge t = 0 (or in
parameter form (S, 0, 0)). For the closure of the bottom (t = 0), we need to make sense of any average
A ∈ [0, Amax] and stock price S ∈ [0, Smax] at time t = 0. There are no problems with the stock prices,
but the average at time zero can only be 0 for continuous averages and onlyA(S(0)) for discrete averages
with sampling point at t=0. Hence on the closure of the bottom, only the single curve is feasible, namely
A = 0 (or (S, 0, 0)) for continuous averages (in common with the closure of the front) and some other
curve (S,A(S), 0) for discrete averages for which t = 0 is a sampling time. For details we refer to [6]
from which we also include Fig. 2 to illustrate the situation (in the discrete case for a linear dependence
of A on S).
The goal of the computations is really to ﬁnd the fair price of the Asian option at emission, i.e.
V (S(0), A(0), 0), where A(0) is the unique ﬁnancially feasible point on the line t = 0, S = S(0). This is
indicated by⊗’s on Figs. 2a and b. Hence, if we could ﬁnd boundary conditions of Dirichlet-type around
this point, we would have no need to solve the boundary value problem. In practice this situation does
not occur.
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Fig. 2. Financially non-feasible boundaries: (///) and (•).
Now let us consider boundary conditions on the ﬁnancially feasible part of . Note however, that
if we by ﬁnancial arguments establish boundary conditions for V in a non-empty open set, then by the
assumption about smoothness ofV, we may extend the results to the closure of the set by taking the limit.
The same holds for the derivatives of V as long as they are sufﬁciently smooth. This will allow us to, by
mathematical means, get boundary conditions also on the ﬁnancially non-feasible edges of  bounding
up to a side of  where the interior is ﬁnancially feasible. Hence we may in this way get boundary
conditions for the entire closure of the ﬁnancially feasible part of . To “include the edges” in this
fashion is important for a numerical solution of the problem, where edge-points will often be included in
the practical computations.
First consider the boundary condition on the top (t = T ) of the box . This being a ﬁnancial boundary
condition it is valid only at the ﬁnancially feasible part of the top. The ﬁnancially non-feasible part
of the top is the line t = T , A = 0, and by continuity of V and , V (S, 0, T ) = limA↓0V (S,A, T ) =
limA↓0 max{(S,A), 0} =max{(S, 0), 0}. Hence the boundary condition may be extended to the entire
top, i.e.
Top:
V (S,A, T )=max{(S,A), 0} for 0SSmax, 0AAmax. (22)
Example 2. As a special case, we shall consider the one from Example 1 of a ﬁxed strike, Asian average
value call option with continuous arithmetic running sumwhere (S(T ), A(T ))=A(T )/T −K . Contrary
to Example 1 we shall allow non-zero, time-dependent volatility. Here we have as boundary condition on
the top
Top-ex:
V (S,A, T )=max
{
A
T
−K, 0
}
for 0SSmax, 0AAmax. (23)
(We denote by -ex the Example 2 case, i.e. “Top-ex” instead of “Top”.)
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Secondly we consider the left side (S = 0) of the box. If the asset price S is zero at any time t, then
(see Notes 2 and 3 in [6]) S remains zero and the average asset price A does not change from then on.
Hence the payoff at time T is known to be V (S(T ),A(T ), T )=V (0, A(t), T )=max{(0, A(t)), 0}, and
further the value V of the option can be considered independent of the (constant) S and A variables so
that the value of the option develops in a deterministic way, i.e. dV/dt is a deterministic function of time,
for any time between t and T. By the assumption of no arbitrage (see Section 2), the value of the option
will then develop like a risk free asset with terminal value V (0, A(t), T ). The solution to this backward
ordinary differential equation in time is said to be the terminal value back discounted with the risk free
market interest rate r and is given by V (0, A(t), t)= e−
∫ T
t r(u) duV (0, A(t), T ) forA> 0, t > 0 orA= 0,
t0. (See the discussion of the zero volatility case in Section 2.) For the ﬁnancially non-feasible part of
the left side, which is the line t = 0, S = 0, we may use continuity of V as we did for the top, to extend
this result to the entire left side of the box:
Left:
V (0, A, t)= e−
∫ T
t r(u) duV (0, A, T )
= e−
∫ T
t r(u) dumax{(0, A), 0} for 0AAmax, 0 tT . (24)
Note, that the boundary conditions at the top and left side ﬁt continuously together.
Example 2 (contd.). For our example case we have
Left-ex:
V (0, A, t)= e−
∫ T
t r(u) dumax
{
A
T
−K, 0
}
for 0AAmax, 0 tT . (25)
Thirdly, consider the back side (A=Amax) of the box. In general it is not possible to derive boundary
conditions here but restricting to our example case we get a nice result from the following approach to
an explicit recovery of a solution to (1):
The recovery of (1) is based on the construction of a portfolio P (collection of risky assets and bonds)
consisting of one Asian option,  units of risky assets and b units of risk free assets, with b given by
db
dt
(t)= r(t)b(t)+ (t)S(t)(t)− d
dt
(t)S(t), (26)
to make the portfolio self ﬁnancing so that no money has to be inserted into or extracted from it to make
it “live”. The value  of P is given by
(S(t), A(t), t)= V (S(t), A(t), t)+ (S(t), A(t), t)S(t)+ b(S(t), A(t), t). (27)
Taking =−V/S it can be shown (see [6]) that the portfolio becomes risk free and hence its value by
the axiom of no arbitrage is determined by the same process as the (unique) risk free bond, i.e.
d
dt
(S(t), A(t), t)= r(t)(S(t), A(t), t). (28)
Instead of going from (28) to the differential equation in (1) as it was done in [6] we might also try to
integrate (28) directly. This gives the result
(S(t), A(t), t)=(S(T ), A(T ), T )e−
∫ T
t r(u) du, 0 tT . (29)
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Inserting  from (27) we get
V (S(t), A(t), t)= V (S(T ),A(T ), T )e−
∫ T
t r(u) du − (b(t)− b(T )e−
∫ T
t r(u) du)
− (S(t)(t)− S(T )(T )e−
∫ T
t r(u) du), 0 tT . (30)
From this equation we can easily eliminate b simply integrating (26) to get
b(t)=
(
b(T )+
∫ T
t
[
S
d
dt
− S
]
()e
∫ T
 r(u) du d
)
e−
∫ T
t r(u) du, 0 tT . (31)
Inserting (31) in (30) we get
V (S(t), A(t), t)= V (S(T ),A(T ), T )e−
∫ T
t r(u) du −
∫ T
t
S()
[
d
dt
− 
]
()e−
∫ 
t r(u) du d
−
(
S(t)(t)− S(T )(T )e−
∫ T
t r(u) du
)
, 0 tT . (32)
Renaming the expression in the square brackets [. . .] in (32) to g we have a differential equation for  of
the same type as (26) for b. Integrating we get
(t)=
(
(T )+
∫ T
t
−g()e
∫ T
 (u) du d
)
e−
∫ T
t (u) du, 0 tT . (33)
Note that unlike the situation for bwe are not able to eliminate both (t) and (T ) from (32). Eliminating
(t) and using (T )=−V/S(S(T ), A(T ), T ) we arrive at
V (S(t), A(t), t)= V (S(T ),A(T ), T )e−
∫ T
t r(u) du
− V
S
(S(T ), A(T ), T )
(
S(T )e−
∫ T
t r(u) du − S(t)e−
∫ T
t (u) du
)
+
∫ T
t
g()(S(t)e−
∫ 
t (u) du − S()e−
∫ 
t r(u) du) d, 0 tT . (34)
In (31)–(34) the left-hand sides are functions of S(t), A(t) and t while the right-hand sides seem to be
functions of among other S(), tT . Note that the dependence on r and  at all times is not a problem,
since these functions are considered known at all times already at time t = 0. The general approach to get
on from here would be to eliminate the unknown function g, using the fact that also the right-hand sides
must in reality be functions of only S(t), A(t) and t. If this could be done, we would have an explicit
solution to our Asian option valuation problem. Unfortunately, this seems to be impossible to do in full
generality. The main obstacle is that V (S(T ),A(T ), T ) and V/S(S(T ), A(T ), T ) are unknown. In
special cases where these values are all known, it may be possible to go further.
Wenow turn to our special example and use the results presented above to construct boundary conditions
on the back face for this particular class of Asian options.
Example 2 (contd.). For our example case we make the following observation: If at any time t ∈ [0, T ]
we have A(t)>KT then A(T )>KT since the average A is non-decreasing with time, and hence the
payoff from theAsian option is guaranteed to be V (S(T ),A(T ), T )= (A(T )/T )−K > 0. Now we shall
show how it is possible in this case to recover explicitly the value of the Asian option.
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Consider the portfolio P described above, consisting of one Asian option, =−V/S units of risky
assets and b units of risk free assets, with b given by (26). Obviously
(S(T ), A(T ), T )=−V
S
(S(T ), A(T ), T )=− 
S
(
A(T )
T
−K
)
= 0,
since the terminal condition is independent of the stock price S for our example when A>KT . Plugging
this into (31)–(34) we get
b(S(t), A(t), t)=
(
b(T )+
∫ T
t
g()S()e
∫ T
 r(u) dud
)
e−
∫ T
t r(u) du, 0 tT , (35)
(S(t), A(t), t)=−
∫ T
t
g()e−
∫ 
t (u) du d, 0 tT , (36)
V (S(t), A(t), t)=
(
A(T )
T
−K
)
e−
∫ T
t r(u) du
+
∫ T
t
g()
(
S(t)e−
∫ 
t (u) du − S()e−
∫ 
t r(u) du
)
d, 0 tT . (37)
Wemust express b,  andV as deterministic function of S(t),A(t) and t. From (36) gmust be independent
of S and A since otherwise  would depend on S() and A() for some  ∈]t, T ] . In (37) the term A(T )
is “unwanted”, but A(T )= A(t)+ ∫ T
t
f (S(), ) d= A(t)+ ∫ T
t
S() d so that (37) may be written in
the form
V (S(t), A(t), t)=
(
A(t)
T
−K
)
e−
∫ T
t r(u) du
+
∫ T
t
{
g()
(
S(t)e−
∫ 
t (u) du − S()e−
∫ 
t r(u) du
)
+S()
T
e−
∫ T
t r(u) du
}
d, 0 tT . (38)
Since g is independent of S, we must use g to kill the S() terms in (38) i.e. g() = (1/T )e−
∫ T
 r(u) du
.
Then (38) takes the form
V (S(t), A(t), t)=
(
A(t)
T
−K
)
e−
∫ T
t r(u) du
+ S(t)
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d, 0 tT . (39)
Finally (35) takes the form
b(S(t), A(t), t)=
(
b(T )+
∫ T
t
S()
T
d
)
e−
∫ T
t r(u) du,
=
(
b(T )+ 1
T
(A(T )− A(t))
)
e−
∫ T
t r(u) du, 0 tT , (40)
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where we have used the expression for g and the rewriting of A(T ) from above. b(T ) is also unknown,
but with b(t) given by the ﬁrst-order differential equation (26) we are allowed one boundary condition
on b, so that for example b(T ) could be chosen freely. Note that choosing b(T ) does not give information
about how to initialize the portfolio P, i.e. how to choose b(0). This is no problem since we do not need
to actually constructP only know that it exists. Now selecting b(T )=−A(T )/T + c, and for the beauty
of the exposition taking c =K so that (T )= V (T )+ (T )+ b(T )= V (T )+ b(T )= 0, then we end
up with
b(S(t), A(t), t)=−
(
A(t)
T
−K
)
e−
∫ T
t r(u) du, 0 tT . (41)
Note that we could have started our integration of in (28) requiring(T )=0. It was not clear however,
that it would be possible to ﬁnd a deterministic function bmaking this requirement satisﬁed. This is what
we have shown above.
Note also that using(T )= 0 in (29) we immediately get(t)= 0, 0 tT , i.e. we have constructed
a portfolio of zero value at any time.
Note ﬁnally that it is easily checked that V given by (39) actually solves the boundary value problem
(1) for AKT .
To get a boundary condition from this exposition we need to choose AmaxKT and the resulting
condition is (once extended from A>KT to AKT by continuity)
Back-ex:
V (S,A, t)=
(
A
T
−K
)
e−
∫ T
t r(u) du + S
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d,
for 0SSmax, KT AAmax, 0 tT . (42)
Since (42) holds for allAKT , we may also ﬁnd partial derivatives of all orders with respect to S, A and
t. Here we shall show only the (normal) derivatives with respect to A:
Back-ex:
V (S,A, t)
A
= 1
T
e−
∫ T
t r(u) du,
pV (S,A, t)
Ap
= 0 for p2,
for 0SSmax, KT AAmax, 0 tT . (43)
Also the derivative conditions may be extended toAKT because of the smoothness ofV given by (42).
Note that (42) ﬁts continuously with the previously found boundary values on the top and left side of the
box, sinceV (S,Amax, T )=(Amax/T )−K whether using (23) or (42) forAmaxKT andV (0, Amax, t)=
((Amax/T )−K)e−
∫ T
t r() d whether using (25) or (42) for AmaxKT .
Note also that (42) is identical to the zero volatility solution given by (6) apart from the max{·, 0}-part.
This complies with the ﬁnancial understanding that if a positive payoff is guaranteed, then the risk is gone
(if there is any risk then there will also be a (possibly small but still positive) possibility of bankruptcy
resulting in a zero payoff ). Finally, with no risk the behavior should be as for the deterministic zero
volatility option.
We are not able to construct any boundary conditions for the ﬁnancially non-feasible bottom (t = 0)
and front (A= 0) of the box. The right side (S = Smax) of the box is ﬁnancially feasible, but we have no
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exact boundary conditions here either, except for the ones that can be transferred from the top and the
back conditions. Instead it is possible restricting to our example case to derive approximative boundary
conditions:
Example 2 (contd.). As exact boundary conditions we have
Right-ex:
V (Smax, A, T )= 0, for 0AKT . (44)
V (Smax, A, t)=
(
A
T
−K
)
e−
∫ T
t r(u) du
+ Smax
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d, for KT AAmax, 0 tT , (45)
V (Smax, A, t)
S
= 1
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d,
pV (Smax, A, t)
Sp
= 0 for p2, for KT AAmax, 0 tT . (46)
To derive approximate boundary conditions on the right side note that the argument leading to (42)
required, not that AKT but that the payoff was guaranteed to be positive. When > 0 this guarantee
can only be given when A>KT , but for  = 0 (6) determines a much larger region: Note that for
= 0, S, A and V are non-decreasing functions of t. Hence if V (S(t), A(t), t)> 0 for any t ∈ [0, T [ then
V (S(T ),A(T ), T ) = V (S(t) + a2, A(t) + b2, T )> 0 and we are guaranteed a positive payoff. Instead
if V (S(t), A(t), t) = 0 for any t ∈ [0, T [ then also V (S(T ),A(T ), T ) = 0. Hence the surface 	 where
V changes from being 0 to being positive cuts  into two parts where a positive and a zero payoff is
guaranteed respectively. By (6) 	 is given by
g(t)S + A=KT where g(t)=
∫ T
t
e
∫ 
t (r(u)−(u)) du d (47)
and positive payoff is guaranteed in the part of  not containing (0, 0, 0). For ﬁxed t, 	 is then linear,
and in particular for t = T , since g(T )= 0, 	 is the line A=KT . 	 cuts the left side (S = 0) in the line
A =KT and the right side (S = Smax) is cut in the curve g(t)Smax + A =KT . Since g is non-negative
and decreases towards 0 at t = T this latter curve will for Smax → ∞ converge towards the line t = T .
We demonstrate this with a simple example: Fix r(t)= r and (t)= . Then 	 takes the form
e(r−)(T−t) − 1
r −  S + A=KT
or to a ﬁrst order Taylor approximation around t=T , (T − t)S+A=KT or t=T − (KT −A)/S. In the
plane S=Smax, this is a line entering through t =T forA=KT and exiting through t =T − (KT /Smax)
forA= 0 when SmaxK or through t = 0 andA= (K−Smax)T when SmaxK . In the limit Smax →∞
the entire right side is then included in the domain where a positive payoff is guaranteed, and we get a
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boundary condition directly from (6) (or (42))
Right-ex:
V (Smax, A, t)=
(
A
T
−K
)
e−
∫ T
t r(u) du + S
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d,
for Smax →∞, 0AAmax, 0 tT . (48)
This result was obtained for  = 0. As soon as  becomes even slightly bigger than zero S = Smax will
not be in the region guaranteeing a positive payoff. Still, as Smax →∞, the chance of being at S = Smax
at some time and still ending up with a zero payoff goes to zero. Hence the value of the option should
also in the limit be the same as if the risk had not been there at all. For this reason we can use (48) as a
boundary condition also for > 0. Fixing Smax<∞ we may base an approximate boundary condition
on (48). Since for KSmax<∞ the curve where 	 cuts the plane S = Smax is approximatively the line
from A=KT and t = T to A= 0 and t = T − (KT /Smax) lying entirely inside the right side we need
to do something about the boundary condition above this curve. The obvious solution is to put in a zero
above the curve resulting in the following continuous, approximate boundary condition:
Right-ex:
V (Smax, A, t)  max
{(
A
T
−K
)
e−
∫ T
t r(u) du + Smax
T
∫ T
t
e−(
∫ 
t (u) du+
∫ T
 r(u) du) d, 0
}
,
for Smax<∞, 0AAmax, 0 tT . (49)
This boundary condition also ﬁts in continuously with the boundary conditions on the top and back sides
of .
Putting things together for the most important case with Amax =KT we get Fig. 3.
4. The ﬁxed strike Asian option on a bounded domain
To begin investigating wellposedness of the boundary value problem for the ﬁxed strike Asian option
on a bounded domain, we ﬁrst classify the differential operator L for the ﬁxed strike Asian option which
we for simplicity shall take to be −P where P is given in (2). (The − on P was selected to facilitate the
transformation into the form used by Hörmander when showing hypoellipticity). We have
LV = 

2V
S2
+ 1 V
S
+ 2 V
A
+ 3 V
t
+ V, (50)
where 
(S,A, t)= (2(t)/2)S2, 1(S,A, t)= (r(t)− (t))S, 2(S,A, t)= f (S, t), 3(S,A, t)= 1 and
 = −r(t). Clearly, L does not fall into one of the standard classes of uniformly elliptic or parabolic
(nor hyperbolic) operators. Instead it is a second-order operator with non-negative characteristic form
in ¯ since this requires only 
(S,A, t)x20,∀(S,A, t) ∈ ¯ and ∀x ∈ R. Appropriate boundary value
problems for such operators were ﬁrst set up by Fichera in [4]: Let (n1(S,A, t), n2(S,A, t), n3(S,A, t))
be the interior unit normal vector at a boundary point (S,A, t) ∈ . The boundary is divided into inﬂow
and outﬂow parts in and out, respectively by the sign of a(S,A, t) = 
(S,A, t)n21(S,A, t) and the
Fichera function b = (1 − 
)n1 + 2n2 + 3n3. First  is split into
• 0 where a=0 and b=0, i.e. the left side and the parts of the front and back side ofwhere f (S, t)=0.
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Fig. 3. Boundary conditions on the computational domain  with Amax =KT for a ﬁxed strike Asian average value call option
with continuous arithmetic running sum, without dividend (= 0) and with ﬁxed interest rate r(t)= r . The differential equation
is Vt + (2/2)S2VSS+ rSV S+SV A− rV =0 with the usual shorthand for partial derivatives. ForAKT we have the solution
V (S,A, t)= (A
T
−K)e−r(T−t) + S
rT
[1− e−r(T−t)].
• 1 where a = 0 and b> 0, i.e. the bottom side and the part of the front side of  where f (S, t)> 0.
• 2 where a = 0 and b< 0, i.e. the top and the part of the back side of  where f (S, t)> 0.
• 3 where a = 0, i.e. the right side of .
Then we set in = 2 ∪ 3 and out = 0 ∪ 1. The First boundary value problem for the operator L
is now for given real functions f deﬁned in  and g deﬁned on in deﬁned to be
LV = f in , V = g on in, (51)
where in is the top and right side of  together with the part of the back side of  where f (S, t)> 0. It
can be shown (see [8] Theorem 1.1.1) that all the i , i=0, 1, 2, 3 are invariant under smooth nonsingular
transformation of variables.
For wellposedness results, the smoothness of the boundary is relevant. In our case, with a box-shaped
computational domain ,  can be separated into a ﬁnite number (namely 6) of inﬁnitely smooth pieces
(planes) and thus belong to the class B(∞) and hence also to the class B(2,) (C2 plus Lipschitz) treated
in [8, Section I.5]. For piecewise smooth boundaries, all edges on  where the degree of smoothness
falls below the (2, ) are excluded from the i , i = 0, 1, 2, 3 and in and out above.
As another preparation we consider the dual operator L∗ given by
L∗V = 
2(
V )
S2
− (
1V )
S
− (
2V )
A
− (
3V )
t
+ V
= 

2V
S2
− ∗1 V
S
− 2 V
A
− 3 V
t
+ ∗V , (52)
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where 
(S,A, t)=(2(t)/2)S2,∗1(S,A, t)=(r(t)−(t)−22(t))S,2(S,A, t)=f (S, t),3(S,A, t)=1
and ∗ = −r(t) + 2(t) − (r(t) − (t)). To be able to give sense to this operator we shall require that

 ∈ C(2)(¯), ∗1, 2, 3 ∈ C(1)(¯) and ∗ ∈ C(0)(¯), i.e.  ∈ C(2)(¯) and r, , f ∈ C(1)(¯), where
C(k)(D) is the set of functions with values and weak derivatives up to and including order k that are
bounded functions in D.
Consider the following variational formulation of (51):
Find a function V which is bounded and measurable in :
(V , L∗U) = (f, U) +
(
g, 

U
S
)
right
− (g, 2U)back − (g, 3U)top
∀U ∈ C2(¯) : U |bottom ∪ front ∪ right = 0. (53)
Here
(F,G) =
∫ ∫ ∫

F(S,A, t)G(S,A, t) dS dA dt (54)
and
(F,G)right =
∫ ∫
right side
F(Smax, A, t)G(Smax, A, t) dA dt (55)
and correspondingly for the other faces of .
Deﬁnition 1. A solution to (53) is called a weak solution to the ﬁrst boundary value problem (51).
It is shown in [8, Theorem 1.5.2] that if the conditions for existence of a weak solution to (53) (see
below) are satisﬁed, and if further g is continuous on the closure of in then the weak solution attains
the value g on in.
Now let F(S,A, t) = 0 be the equation describing  for some function F with ∇F = 0 on  and
F(S,A, t)> 0 in . Then we have
(F LF L∗F)=


T − t −1 1 on the top of ,
t 1 −1 on the bottom of ,
S 0 0 on the left of ,
Smax − S −(r − )Smax (r − − 22)Smax on the right of ,
A f (S, t) −f (S, t) on the front of ,
Amax − A −f (S, t) f (S, t) on the back of .
From [8, Theorem 1.5.1] we have the following conditions for existence of a weak solution and continu-
ous dependence on data (|V (S,A, t)| max{sup(|f |/r0), supin |g|}) based on the method of elliptic
regularization:
• (t)=−r(t) must be strictly negative and bounded away from 0, i.e. ∃r0> 0 : r(t)r0 ∀t ∈ [0, T ].
• f and g must be bounded measurable functions in their domains of deﬁnition.
• LF must be non-positive on interior points of 0 and 2, i.e. the left side, the part of the front side
where f (S, t)= 0, the back side and the top side which is correct by the evaluation just above.
J. Hugger / Journal of Computational and Applied Mathematics 185 (2006) 460–481 479
From [8, Theorem 1.6.9] we have the following conditions for uniqueness of a weak solution:
• ∗(t)=−r(t)+ 2(t)− (r(t)− (t))< 0 ∀t ∈ [0, T ].
• f and g must be bounded measurable functions in their domains of deﬁnition.
• L∗F < 0 on interior points of 1, i.e. the bottom side and the part of the front side where f (S, t)> 0
which is correct by the evaluation below Deﬁnition 1.
Obviously a weak solution must also be smooth if L is hypoelliptic (see Theorem 1). We then have
Theorem 6. Let L be the differential operator of the ﬁxed strike Asian option given by (50) and consider
the problem
LV = 0 in , V = g on in, (56)
where g is any bounded measurable function on in which is the top and the right side of  together
with the part of the back side of  where f (S, t)> 0.
Assume that the volatility  and the interest r are strictly positive ((t), r(t)> 0, ∀t ∈ [0, T ]) and that
 ∈ C(2)(¯) and r, , f ∈ C(1)(¯).
Then (56) has a weak solution depending continuously on the data by
|V (S,A, t)| sup
in
|g|. (57)
If g is continuous on the closure of in then the weak solution attains the value g on in.
If further r(t)> (2(t)+ (t))/2, ∀t ∈ [0, T ], then the weak solution is unique.
If , r, , f ∈ C∞(), then the weak solution satisﬁes the regularity property
V ∈ C0(¯) ∩ C∞(). (58)
Theorem 6 gives a wellposedness result for ﬁxed strike Asian options with (t)> 0, r(t)> (2(t) +
(t))/2 and smooth data ( ∈ C(2)(¯) and r, , f ∈ C(1)(¯)). The Dirichlet boundary conditions must
be located on the top, back and right sides of . The top side is no problem. For the back side, we
have conditions for the special case of Example 2 of an average value call option with continuous
arithmetic running sum where (S(T ), A(T )) = (A(T )/T ) − K . Instead for the right side no exact
boundary conditions are known. Instead we have approximate boundary conditions in the special case
of Example 2. Further, practical experience shows that a numerical solution is quite insensitive to the
choice of boundary condition on the right side. By inserting a “reasonable” buffer zone (S ∈ [S0, Smax])
and putting a “good guess” at a right side boundary condition at S = Smax, then the results in the interval
[0, S0] can be quite good.
5. Conclusions and open questions
In Section 2 we have shown that the ﬁxed strikeAsian options with non-vanishing volatility and smooth
data have smooth solutions because of the hypoellipticity of the differential operator.
For the zero volatility case we also have shown existence and uniqueness of solution, we have explicitly
given an expression for the (continuous) solution and we have shown that it, in the sense of characteristic
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solutions, satisﬁes the limit of the boundary value problem for the volatile case as the volatility goes
to zero.
We further have shown that the unbounded problem has existence of solution, but uniqueness is shown
only when extended to the “ﬁnancially invalid” region A< 0.
The ﬁrst open question is then: Is there uniqueness of solution to the unbounded problem in the
ﬁnancially valid region?
In Section 3 we have considered the ﬁxed strike Asian options on a bounded domain. We have shown
that there can be no ﬁnancially feasible boundary conditions on the bottom (t=0) and front (A=0) sides
of the domain. We have found ﬁnancially feasible boundary conditions on the top (t = T ) and the left
(S = 0) sides of the domain. Finally, we have found ﬁnancially feasible boundary conditions on the back
(AKT ) side of the domain in the special case of an average value call option with continuous arithmetic
running sumwhere (S(T ), A(T ))=(A(T )/T )−K . For the right (S=Smax) side of the domain no exact
boundary conditions have been found but in the special case above we have an approximate boundary
condition.
The second open question is then: Can exact ﬁnancially feasible boundary conditions on the right side
of the computational domain be found? And can they be found in the general case on both the back and
the right side?
In Section 4 we have shown that the bounded problem has existence, uniqueness and continuous
dependence on the data of the solution with boundary conditions on the top, back and right sides, while
as noted above exact boundary conditions are given only on the top, back and left sides.
The third open question is then: Is the bounded problem with boundary conditions on the top, back
and left sides wellposed?
Practical calculations on the bounded problem show that the numerical solution is not very sensitive
to the right condition: For S = Smax − “ not very much” the solution changes very little when the right
side boundary condition at Smax is changed.
The fourth open question is then: Can this practical observation be quantiﬁed?
The ﬁnal open question is of course: How do we solve the ﬁxed strikeAsian options numerically? This
question and possibly some of the other will be addressed in follow up articles.
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